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UNDECIDABILITY OF LINEAR INEQUALITIES IN GRAPH 
HOMOMORPHISM DENSITIES 

HAMED HATAMI AND SERGUEI NORINE 

Abstract. The purpose of this article is to show that even the most elementary problems in as- 
fvj . ymptotic extremal graph theory can be highly non-trivial. We study linear inequalities between 

graph homomorphism densities. In the language of quantum graphs the validity of such an in- 
equality is equivalent to the positivity of a corresponding quantum graph. Similar to the setting 
f""^ . of polynomials, a quantum graph that can be represented as a sum of squares of labeled quantum 

graphs is necessarily positive. Lovasz (Problem 17 in |Lov08| ) asks whether the opposite is also 
true. We answer this question and also a related question of Razborov in the negative by intro- 
ducing explicit valid inequalities that do not satisfy the required conditions. Our solution to these 
problems is based on a reduction from real multivariate polynomials and uses the fact that there 
are positive polynomials that cannot be expressed as sums of squares of polynomials. 

It is known that the problem of determining whether a multivariate polynomial is positive is 
decidable. Hence it is very natural to ask "Is the problem of determining the validity of a linear 
inequality between homomorphism densities decidable?" We give a negative answer to this question 
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which shows that such inequalities are inherently difficult in their full generality. Furthermore we 
deduce from this fact that the analogue of Artin's solution to Hilbert's seventeenth problem does 
not hold in the setting of quantum graphs. 
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(Nj ■ 1. Introduction 

Many fundamental theorems in extremal graph theory can be expressed as algebraic inequalities 
between subgraph densities. As it is explained below, for dense graphs, it is possible to replace sub- 
graph densities with homomorphism densities. An easy observation shows that one can convert any 
algebraic inequality between homomorphism densities to a linear inequality. Inspired by the work 
of Freedman, Lovasz and Schrijver [FLS07] . in recent years a new line of research in the direction 
of treating and understanding these inequalities in a unified way has emerged. Razborov [Raz07| 
observed that a typical proof of an inequality in extremal graph theory between homomorphism 
densities of some fixed graphs involves only homomorphism densities of finitely many graphs. He 
states in [Raz08aJ that in his opinion the most interesting general open question about asymptotic 
extremal combinatorics is whether every true linear inequality between homomorphism densities 
can be proved using a finite amount of manipulation with homomorphism densities of finitely many 
graphs. Although this question itself is not well-defined, a natural precise refinement is whether 
the problem of determining the validity of a linear inequality between homomorphism densities is 
decidable. We show that it is not. Our result in particular answers various related questions by 
Razborov [Raz07] . Lovasz [Lov08] . and Lovasz and Szegedy |LS09j . 

An interesting recent result in extremal graph theory, proved in several different forms [FLS07, 
IRaz071 ILS09] , says that every linear inequality between homomorphism densities follows from the 
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positive semi-definiteness of a certain infinite matrix. As an immediate consequence, every alge- 
braic inequality between the homomorphism densities follows from an infinite number of certain 
applications of the Cauchy-Schwarz inequality. This is consistent with the fact that many results 
in extremal graph theory are proved by one or more tricky applications of the Cauchy-Schwarz 
inequality. Lovasz [Lov08] composed a collection of open problems in this area, and in Problem 17 
he asks whether it is true or not that every algebraic inequality between homomorphism densities 
follows from a finite number of applications of this inequality. It is possible to rephrase this ques- 
tion in the language of quantum graphs defined by Freedman, Lovasz and Schrijvcr [FLS07J. The 
validity of a linear inequality between homomorphism densities corresponds to the positivity of a 
corresponding quantum graph. The square of a labeled quantum graph is trivially positive. In this 
language, Lovasz's question translates to the following statement: "Is it true that every positive 
quantum graph can be expressed as the sum of a finite number of squares of labeled quantum 
graphs?" The question in this form is stated by Lovasz and Szegedy in [LS09]. In Theorem 12.41 we 
show that the answer is negative. 

In [Raz07j Razborov introduced flag algebras which provide a powerful formal calculus that 
captures many standard arguments in extremal combinatorics. He presented several questions 
about the linear inequalities between homomorphism densities among which is a question about a 
calculus introduced by him called the Cauchy-Schwarz calculus. This calculus which allows trickier 
applications of the Cauchy-Schwarz inequality can be used to prove the positivity of quantum 
graphs. He asks ( [Raz07j Question 2) whether the Cauchy-Schwarz calculus is complete. We give 
a negative answer to this question by constructing positive quantum graphs whose positivity does 
not follow from this calculus. 

A multivariate polynomial that takes only non-negative values over the reals is called positive. 
Our solutions to Lovasz's seventeenth problem and Razborov's question about the Cauchy-Schwarz 
calculus are both based on reductions from real multivariate polynomials and they use the fact that 
there are positive polynomials that cannot be expressed as sums of squares of polynomials. Hence 
these answers are expected once one accepts the analogy to multivariate polynomials. However 
Artin |Art27j solving Hilbert's seventeenth problem showed that every positive polynomial can be 
represented as a sum of squares of rational functions. 

In Theorem 12.121 we prove that determining the validity of a linear inequality between homomor- 
phism densities is undecidable. This reveals a major difference between the positivity of quantum 
graphs and the positivity of polynomials over reals as (for example by the celebrated work of 
Tarski [Tar48]) it is known that the latter is decidable. Furthermore we deduce from this theorem 
that the analogue of Artin's solution to Hilbert's seventeenth problem does not hold in the setting of 
quantum graphs. This in particular answers Problem 21 of Lovasz's list of open problems [Lov08j . 

Although our results show that not every algebraic inequality between homomorphism den- 
sities is a linear combination of a finite number of semi-definiteness inequalities, the positive 
semi-definite characterization is still a powerful approach for proving such inequalities. Razborov 
in |Raz08a| illustrated the power of this method by applying it to prove various results (some new 
and some known) in extremal combinatorics. Razborov [Raz08a and Lovasz and Szegedy [LS09 
observed that it is possible to use this method to verify every linear inequality between homo- 
morphism densities within an arbitrarily small error term. As this result suggests, the positive 
semi-definiteness method is extremely useful in proving bounds for problems in extremal combina- 
torics: Razborov [Raz08a] showed that a straightforward application of this method substantially 
improves the previously known bound for the Turan's function of Kf, one of the most important 
problems in extremal combinatorics. 



undecidability of linear inequalities in graph homomorphism densities 3 

2. Preliminaries 

In this paper all graphs are simple and finite. For a graph G, let V{G) and E(G), respectively 
denote the set of the vertices and the edges of G. The unique graph with no vertices is denoted by 
0. The density of a graph H in a graph G, denoted by t[ n j(H; G), is the probability that a random 
embedding of the vertices of H in the vertices of G maps every edge of H to an edge of G. The 
homomorphism density of H in G, denoted by t(H;G), is the probability that a random mapping 
(not necessarily injective) from the vertices of H to the vertices of G maps every edge of H to an 
edge of G. We define ii n j(0; G) := £(0; G) := 1, for every graph G. 

Although t(H ; G) itself is an object of interest, extremal graph theory more often concerns 
t; n j(-ff;G). However, the following simple lemma from [LS06J shows that this two quantities are 
close up to an error term of o(l), and hence are equivalent asymptotically. 
Lemma 2.1. [LS06I For every two graphs H and G, 

\t(H ] G)-t in} (H;G)\<j^^ V f ) ^=o lv{G)Hoo (l). 

Many important results in extremal graph theory can be expressed as algebraic inequalities be- 
tween homomorphism densities. For example Goodman's theorem [Goo59j . which generalizes the 
classical Mantel- Turan Theorem, says that for every graph G, t{K?,\G) > 2t(K2]G) 2 — t(K2]G). 
Note that if H1UH2 denotes the disjoint union of two graphs Hi and H2, we have t(HiL)H2; G) = 
t(Hi;G)t(H2;G). This observation allows us to convert any algebraic inequality between homo- 
morphism densities to a linear inequality. For example one can restate Goodman's theorem as 
t(K 3 ; G) - 2t{K 2 (jK2\ G) + t(K 2 ; G) > 0. 

A partially labeled graph is a graph in which some of the vertices are labeled by distinct natural 
numbers (there may be any number of unlabeled vertices). Let J- denote the set of all partially 
labeled graphs up to label-preserving isomorphism. A partially labeled graph in which all vertices 
are labeled is called a fully labeled graph. The product of two partially labeled graphs H\ and H2, 
denoted by Hi ■ H2, is defined by taking their disjoint union, and then identifying vertices with the 
same label (if multiple edges arise, only one copy is kept). Clearly this multiplication is associative 
and commutative, and thus turns J- into a commutative semi-group. For every finite subset L 
of natural numbers, let Tl denote the sub-semi-group of all partially labeled graphs whose set of 
labels is exactly L. Note that J-$ is the set of all finite graphs with no labels, and the product of 
two graphs in J-$ is their disjoint union. 

We extend the definition of homomorphism density to partially labeled graphs in the following 
way. Consider a finite set L C N, a partially labeled graph H € J~l, a graph G, and a map 
<j> : L — )• V(G). Then t(H ; G, 4>) is defined to be the probability that a random map from V(H) to 
V{G) is a homomorphism conditioned on the event that the labeled vertices are mapped according 
to (p. Note that for every two partially labeled graphs Hi,H2 € J~l, a graph G, and a map 
<f>:L^V(G), 

(2.2) t{Hi-H 2 -G,<t>)=t{H x -G y (t>)t{H 2 ;G ,4>). 

A graph parameter is a function that maps every graph to a real number. For example, given 
any graph G, the function / : H 1— )• t(H; G) is a graph parameter. Freedman, Lovasz, and Schri- 
jver JFLS07] proved that it is possible to characterize the graph parameters that are defined in 
a similar fashion using some positive semi-definiteness and rank conditions. Since then, vari- 
ous similar characterizations have been found. In particular, the following statement is proved 
in [LS09] : Let / be a graph parameter. There exists a sequence of graphs {G n } ng N such that 
lim n _ i>00 t(H; G n ) = f(H), for every H, if and only if the following conditions are satisfied: 
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(i) /(0) = 1, and /(.Hi) = /(i^), if Hi is obtained from H2 by adding isolated vertices. 
(ii) The T x T matrix whose entry in the intersection of the row corresponding to Hi and 
the column corresponding to H2 is f(Hi ■ H2) is positive semi-definite. (Here the labels of 
Hi ■ H2 are removed.) 

Consider real numbers ai, . . . ,a k and graphs Hi, ... , H k . We wish to investigate whether an 
inequality of the form 

(2.3) ait(Hi;G) + ... + a k t(H k ;G)>0, 

holds for all graphs G. The positive semi-definiteness characterization shows that it suffices to verify 
the validity of aif(Hi) + . . . + a k f{Hk) > 0, for all graph parameters / satisfying Conditions (i) 
and (ii). Note that if the T x T matrix in Condition (ii) was finite, then there would exist an 
algorithm for solving this problem using semi-definite programming (see [Lov03j for a survey on 
this topic). However since this matrix is of infinite dimensions, in practice one can only restrict to a 
finite sub-matrix of it and hope that atif(Hi) + . . .+otkf{Hk) > is still valid if the weaker condition 
that this sub-matrix is positive semi-definite is required. The examples discussed in Section Q] show 
that this method is indeed very powerful and in many cases one succeeds in finding a proof for 
such inequalities. Lovasz in [Lov08] asks (Problem 17) whether the validity of (12. 3D always follows 
from the positive semi-definiteness of a finite sub-matrix of the T x T matrix in Condition (ii). As 
we will see in Section 12.11 it is possible to reformulate this question in the language of quantum 
graphs. 

A labeled quantum graph is an element of the algebra Rf-7 7 ], i.e. it is a formal linear combination 
of partially labeled graphs, and if / = Yl^i^Hi £ R[.F] and g = Y^ILiPiFi £ R^K then 
f ■ g = Yn=l Sj=i a ifijHi ■ Fj. For every finite set of positive integers L, R[Fl] is a sub-algebra of 
R[.F]. The elements of RfJ-jj] are called quantum graphs. 

Consider a labeled quantum graph / = Yli=i a iHi € J~ ', and for every i € [k], let Li be the set 
of all labels appearing on H{. For a graph G and a map <p : U^ =1 Lj — >■ V(G), define t(f;G,4>) : = 
Yli=x a it(Hi; G, 4>\Li)- Let /C be the ideal of R[.F] generated by elements of the form F — 0, where 
F is a possibly labeled 1- vertex graph. Note that /C is the linear subspace of R[J-~] spanned by 
elements of the form F — H where F is obtained from H by adding a possibly labeled isolated 
vertex. Hence t{f\G,4>) = 0, if / € /C, and the function t(-;G,<p) is a well-defined map from the 
quotient algebra A := K[.F]//C to R. 

Consider a finite set L C N, a graph G, and a map <p '■ L — )• V(G). It follows from (|2.2p 
that / i—)- t(f;G,(j)) defines a homomorphism from RfJ 1 ^] to R, and hence it is also a well-defined 
homomorphism from Al '■= ^[Fl]/(IC PlRfJ 7 /,]) to R. 

For every finite set of positive integers L, let the linear map J-Jj, : RfJ 7 ] — > R[J~] be defined by un- 
labeling the vertices whose labels are not in L. Note that this map is not an algebra homomorphism, 
as it does not respect the product. However [-Jx, maps K, to /C, so we can consider \-\i as a linear 
map from A to itself. We abbreviate [-Jg to [•]. 

2.1. Lovasz's seventeenth problem. We say that a labeled quantum graph / G K[.Fz,] is positive 
and write / > 0, if for every graph G and every <j) : L — > V(G) we have £(/; G, (p) > 0. By the 
discussion above, we can extend the definition of positivity to Al and further to the whole of A. 

Note that g 2 > 0, for every g € R^l]- Furthermore for every subset S C L, the map [-Js 
preserves positivity. It follows that [g 2 ] > 0, for every g € R[J-"]. Hence one possible approach to 
prove an inequality of the form (|2.3j) is to express / = Yli=i a iHi as a sum of squares of labeled 
quantum graphs, i.e. to find labeled quantum graphs gi, ■ ■ ■ ,g m such that ^i=i a iHi = XX=il[#iJ- 
Lovasz's seventeenth problem asks whether every positive quantum graph can be expressed in this 
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form. In Section 0] we prove the following theorem which answers this question in the negative. 
We say that x € A% is expressible as a sum of squares if there exist g\ , . . . , g m £ A such that 

Theorem 2.4. There exists a positive quantum graph which cannot be expressed as a sum of 
squares. 

Whitney [Win32, Theorem 5a] has shown that the functions t- m j(H; •), H connected, V(H) > 1, 
are algebraically independent. Equivalently, the functions t(H; •), H connected, V(H) > 1, are 
algebraically independent, as one can straightforwardly verify that a non-trivial algebraic relation 
between the functions t- m j(H;-) would imply a non-trivial algebraic relation between functions 
t(H; •). (In fact, it is shown in [ELS79] that the functions t(H; •) are independent in even stronger 
sense.) It follows that 

(2.5) K n R[J" ] = {/ € R[J" ] : *(/; G) = for every graph G}. 

Therefore Theorem 12.41 is equivalent to the existence of a positive quantum graph x such that for 
every collection g\, . . . ,g m £ MfJ-], there exists a graph G so that 

£(x;G)^i(f>f];GJ. 

2.2. Artin's theorem. Note that Theorem 12.41 reminisces Hilbert's classical theorem that there 
exists positive multivariate real polynomials that cannot be expressed as sums of squares of poly- 
nomials. Hilbert in the seventeenth problem of his celebrated list of open problems asked "Given 
a multivariate polynomial that takes only non-negative values over the reals, can it be represented 
as a sum of squares of rational functions?" In 1927 Emil Artin |Art27j answered this question 
in the affirmative. Note that Artin's theorem is equivalent to the fact that for every multivariate 
polynomial p that takes only non- negative values over the reals, there exists polynomials q ^ and 
r, each expressible as a sum of squares of polynomials, such that qp = r. Our proof of Theorem 12.41 
relies on the above mentioned theorem of Hilbert. Hence it is very natural to wonder whether the 
analogue of Artin's theorem holds for quantum graphs. Indeed Lemma 12.61 below (proved in Sec- 
tion [6]) shows that the validity of such a statement would imply a simple finitary characterization 
of positive quantum graphs. 

Lemma 2.6. If x € A$ satisfies gx = h for some positive g,h £ A$ with g ^ 0, then x is positive. 

In Section U] we prove the following theorem which shows that the analogue of Artin's theorem 
for quantum graphs does not hold. 

Theorem 2.7. There exists positive x € A% such that there are no g,h G A$, each expressible as 
a sum of squares, with g ^ 0, so that gx = h. 

Note that Theorem 12.71 implies Theorem 12.41 However since our proof of Theorem 12.71 is based 
on the undecidability result proved in Theorem 12. 121 below and hence does not provide any explicit 
examples, we give a separate constructive proof of Theorem 12.41 



Remark 2.8. In [Lov08| Problem 21, Lovasz asked "Is it true that for every positive quantum graph 
x, there exist quantum graphs g and h, each expressible as a sum of squares of labeled quantum 
graphs, so that x + gx = /i?" It follows from Theorem 12.71 that the answer to this question is also 
negative. 
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2.3. Razborov's Cauchy-Schwarz Calculus. Consider f\,f% G Al, and a subset T C L. 
Razborov ([Raz07] Theorem 3.14) has shown that 

(2-9) I/i 2 M/ 2 2 ]r > UifzlT- 

The Cauchy-Schwarz calculus is defined in [Raz07] in the language of flag algebras, but can be 
reformulated as follows. 

Definition 2.10. The Cauchy-Schwarz calculus operates with statements of the form / > with 
f £ A and has axioms 

Al: f 2 > for every f ; 

A2: IffJTlfih ~ Uif2J 2 T > for f x ,f 2 and T as m (£$). 
The inference rules of the Cauchy-Schwarz calculus are 

Rl: 

/>0 g>0 ( R ^ n , 

a/ + Pg > 
R2: 

/>0 ff>0 

R3: 

for f,g € A. We say that f € A is CS-positive if the statement f > is provable in the Cauchy- 
Schwarz calculus. 

The original definition of the Cauchy-Schwarz calculus in [Raz07| appears to differ from the one 
presented here. However as we shall discuss in Appendix [A] the two definitions are equivalent in 
that a statement can be proven in the original calculus if and only if it can be proven using the one 
stated in Definition 12.101 

Answering a question of Razborov, in Section [5] we show that the Cauchy-Schwarz calculus is 
not complete by proving the following theorem. 

Theorem 2.11. There exists a positive f € A% which is not CS-positive. 

2.4. A tenth problem: Undecidability. The proofs of both Theorems 12.41 and 12.111 rely on 
reductions from the setting of multivariate polynomials. It follows from Artin's solution to Hilbert's 
17th problem (see Theorem 2.1.12 in [PD01]) that every positive p € Q[xi, . . . , x n ] can be expressed 
as a sum of the form YaLi a ilh where aj € Q+ and qi € Q(#i, . . . , x n ) for every 1 < i < m. Note 
that this in particular shows that the problem of determining whether a multivariate polynomial 
with rational coefficients is positive or not is decidable. Indeed given such a polynomial, one can 
search for expressing it as a sum of the form X^I^=i a i1i (th ere are countably many of those sums), 
and in parallel check its non-negativity on rational points. Eventually either one will find a way 
to express the polynomial as a sum of squares of rational functions or a rational point on which 
the polynomial takes a negative value will be found. The decidability of positivity of a polynomial 
with rational coefficients follows also from the well-known work of Tarski [Tar48] . In the following 
theorem we show that the problem of determining the positivity of a quantum graph is undecidable. 

Theorem 2.12. The following problem is undecidable. 

• instance: A positive integer k, finite graphs H\, . . . , H^, and integers ai, . . . , a^. 

• QUESTION: Does the inequality a\t{Hi; G) + . . . + akt{H^\ G) > hold for every graph G? 
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For two graphs H and G, let hom(H; G) denote the number of homomorphisms from H to G. 
Note that hom(H; G) = \V(G)\\ v ( H ^t(H; G). In |KRarj it is observed that the undecidability of the 
following problem follows from the undecidability of a similar problem in database theory [IR95]. 
Given a positive integer k, finite graphs H\, . . . , H^, and integers ai,...,Ofc, it is undecidable 
whether the following inequality holds for all graphs G: 

at hom(iTi; G) + . . . + a k hom(H k ; G) > 0. 

Note that Theorem 12.121 in particular implies this result. Indeed since t(H ; G) = t — ^ c \\v\h)\ 
for all graphs H and G, it is possible to express any linear inequality in homomorphism densities 
as an algebraic inequality in homomorphism numbers which in turn can be converted into a linear 
inequality. 

3. Some auxiliary facts 

We start by defining some new notations and proving auxiliary facts. The induced homomorphism 
density of H in G, denoted by ti nd (H; G), is the probability that a random map from the vertices 
of H to the vertices of G preserves both adjacency and non-adjacency. The two functions t(H, •) 
and £i n d(-ff, ■) are related by 

(3-1) t(H;-)= J2 *ind(*V). 

FDH 

V(F)=V(H) 

and a Mobius inversion formula 

(3.2) t ind (H-,-)= E i-i) ]E{F)XEm m •)• 

FDH 

V(F)=V{H) 

For a partially labeled graph H, define the quantum graph 

ind(ff) := E (-l) lE{F)XEm F. 

F^H 

V{F)=V(H) 

The labeled quantum graphs ind(-ff) enjoy certain orthogonality properties. Indeed if the restriction 
of two partially labeled graphs Hi,H2 E J~l to the labeled vertices are different, then we have 

(3.3) ind(fTi) • ind(iT 2 ) = 0. 

In Section [2] we defined the homomorphism density of a graph H in a graph G. Sometimes we 
shall work in a slightly more general setting that allows G to have a non-uniform distribution on 
its set of vertices. More precisely, let H be a partially labeled graph with the set of labels LcN. 
Let G be another graph, y be a probability measure on the vertices of G and eft : L — > V(G) be a 
map. Define the random mapping h from the vertices of H to the vertices of G by mapping every 
unlabeled vertex of H to a vertex of G independently and according to the probability measure y, 
and mapping the labeled vertices according to 4>. Then t(H; G, y, 4>) is the probability that h defines 
a homomorphism from H to G. Also t\ n ^ (iJ; G, y, (f>) and t[ nd (H; G, y, eft) are defined similarly. 

Remark 3.4. Consider a graph G and a probability measure y on V(G). For every positive integer 
n, construct the graph G n in the following way. For every vertex v in V(G), put Ly( - w)"-J "copies" 
of v in G n - There is an edge between two vertices in G n if and only if they are copies of adjacent 
vertices in G. It is easy to see that for every graph H, we have lim n _). 0O t(H;G n ) = t(H;G,y). 
Hence a quantum graph / is positive, if and only if t(f; G,y) > for every graph G and every 
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probability distribution y on V(G). Similarly it is easy to see that a labeled quantum graph / is 
positive, if and only if t{f; G, y, (ft) is always non-negative. 

Consider a graph H with V(H) = [k]. For every j G [k], let Hj G .Fry be obtained from H by 
adding an unlabeled clone v of the vertex j to this graph, i.e. v is adjacent exactly to the neighbors 
of the vertex j. Let H'- be obtained from Hj by adding the edge {v, j}. Then cpjj : M.[x\, . . . , Xk] — > 
MfJ-'r^i] is the unique algebra homomorphism defined by ipjj{xj) := ind(Hj) + md(H'-), for every 

j e [k]. 

Consider a graph G and a probability measure y on V(G). Let 5 denote the set of all maps 
h : V(H) — > V(G) that preserve both adjacency and non- adjacency. Consider a map 4> '■ V(H) — > 
V(G). If (j) $ S, then t(ipu(xj)', G, y, <fi) = 0, for every j G [k]. Hence in this case t((pH{p)', G, y, (j)) = 
0, for every polynomial p G R[xi, . . . , Xk]- 

Next consider a map <fi G S. Then for every j G [fc], t((pH(xj);G,y,(f>) is the probability that 
a random (according to y) extension ^ of ^ in i7j preserves the adjacencies and non- adjacencies 
except maybe between j and its clone. For every j G [k], let olj{4>) be the probability that the map 
obtained from <p by replacing </>(j) by a random vertex in G chosen according to the probability 
measure y belongs to S. Since the unlabeled vertex of Hj is a clone of the vertex j, we have 
K<PH(xj);G,y,<f>) =a.j(4>). 

We conclude that for every map c/> : [k] —> V(G), and every polynomial p G R[xi, . . . , Xk], 

p(ai{(j)),...,ak{4>)) 4> G 5 



(3-5) t((p H (p);G,y, YI ) Q 



The next lemma follows immediately from (|3.5|) . 

Lemma 3.6. Given a graph H with V(H) = [k] and a positive polynomial p in k variables, the 
labeled quantum graph ^h{p) is positive. 

Let Pk denote the set of all positive homogenous polynomials in k variables. Let £& denote the 
set of those homogenous polynomials in k variables that can be expressed as sums of squares of 
polynomials with real coefficients. Clearly S^ C P^. Let A^ = Pk\Ek- Hilbert |Hil88j showed that 
for k > 3, Afc is not empty. An xq G M. k is called [RezOO] a bad point for polynomial p G Pk, if xq 
is a root of every polynomial q such that q 2 p G £&. 

Lemma 3.7. For every k > 4, i/iere exists an even p G A& swc/t that x\x\...x\ divides p and 
(1,0,..., 0) is a bad point for p. 

Proof. Consider the polynomial p := x\x\ . . .x^.S(x2,X3,x^), where S(x,y,z) is an even homoge- 
neous polynomial in A3, e.g. S(x,y,z) := x 4 y 2 + y 4 z 2 + z 4 x 2 — 3x 2 y 2 z 2 . A short argument that 
this particular polynomial belongs to A3 is provided for example in [Lam051 p. 519]. 

Note that p is trivially positive. Suppose for the contradiction that q 2 p = YllLi if f° r polyno- 
mials qi while g(l, 0, . . . , 0) = c / for a polynomial q of degree d. Note that q(l, 0, . . . , 0) = c 
implies that the monomial x\ appears with coefficient c in q. Hence the component of x 1 + 
in q 2 p is c 2 {x\ . . . x 2 ) S(x2,X3,X4). Denoting by ^ the component of x 1 + in qi, we must have 
c 2 [x\ . . . Xfr) S(x2,X3,Xi) = ^2iLiQi- Note that as the left side of the equality is divisible by Xj 
for each 2 < j < k we can readily see (by setting Xj = 0) that every ^ is divisible by every Xj and 
consequently by Xi ■ ■ ■ Xk- It now follows that S(x2, X3, X4) G S3, which is a contradiction. □ 

4. Proofs of Theorems 12.41 and 12.111 

For finite L C N, / G M[J"l] and a graph G on n vertices we say that / is G-sos if for every 
4> : L — > V(G) there exists polynomials p\, . . . ,p m G M[yi, . . . ,y n ] with non-negative coefficients, 
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and qi, . . . ,q m € R[yi, . . . ,y n ] such that for all probability distributions y, 

m 

i=l 

The definition of G-sos extends to A. The following lemma which is a key step in the proofs of 
Theorems 12.41 and 12.111 relates the squares of labeled quantum graphs to the squares of polynomials. 

Lemma 4.1. Let G be a graph. Then 

(i) f 2 is G-sos for every f € A; 

(n) U 2 hlg 2 }T - \fgf T is G-sos for all finite TCNandf,ge A; 
(iii) if f and g are G-sos then af + f3g is G-sos for all a, (3 € R+; 
(iv) if f and g are G-sos then fg is G-sos; 

( v ) if f i s G-sos, then [/]t is G-sos for all finite T C N. 

Proof. To verify assertion (i), take m = 1, pi = 1, and q\ = t(f;G,y,(p) in the definition of a 
G-sos element. For (ii), without loss of generality we assume that /, g £ Al for some finite L D T. 
Denoting A := t(lf 2 } T lg 2 h - {fg? T ; G,y,<f>), we have 

A = (El II y<P(v))t 2 (f;G,y,m (El II y^v)\t 2 (g;G,y^) 
El II y^{v)\t{f;G,y,^)t{g;G,y,i)) 

i> \v£L\T 



oEE n vm-o) n ^ 



i/>l 4>2 \veL\T / \veL\T 

x (t(f; G, y, ih)t(g; G, y,ih)- t(f; G, y, ^ 2 )t(g; G, y, ^i)) 2 , 

where the summations over if),ipi and ^ are over all maps from L to V(G), which coincide with (j) 
on T. Assertions (iii) and (iv) are trivial. Finally, for (v) if / € Rf.Fi], then we have 

*([[/]]r;G,y,0) = W J] ^ ( ,))t(/,V;G,y), 

where the summation is over all maps ip from L to V(G) which coincide with <j) on T. □ 

Consider a graph H. A set W C V(H) is called homogenous in H, if for every two distinct 
vertices u, v £ W, N(u)\W ^ N(v)\W, where N(u) and N(v) respectively denote the set of the 
neighbors of u and v. We call a graph H stringent, if it does not contain any homogenous subsets 
W with 1 < \W\ < [V(JEf)| — 1, and furthermore does not allow any non-trivial automorphisms. 
Note that if H is stringent, then in particular the identity map is the only map from H to itself 
that preserves both adjacency and non-adjacency 

Stringent graphs serve as the foundation for all our constructions, and so we will need the 
following simple lemma. 

Lemma 4.2. For every k > 6, there exists a stringent graph on k vertices. 
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Figure 1. A stringent graph on k > 6 vertices. 



Proof. Let the graph H on k > 6 vertices be obtained from a triangle with vertices uii>2i>3 by adding 
a path V3V4 ...Vk and finally by joining Vf, to V2 and V3. See Figure [TJ 

Suppose first that W C V(fl") with 1 < \W\ < \V(H)\-1 is homogenous. Then |W| / |V(fl")|-l, 
as no vertex of H has |V(i?)| — 1 neighbors. The graph H is 2-connected, and therefore W 
has at least two neighbors outside of W. It follows that W must lie in the intersection of the 
neighborhoods of two vertices in V(H)\W. This allows for a single possibility, namely W = {^2,^3}, 
which is clearly non- homogenous. Similarly, one can routinely verify that H allows no non-trivial 
automorphisms, and thus is stringent. □ 

Proof of Theorem \2.4\ Let H be a stringent graph on k > 4 vertices. Let V{H) = [k]. By (|3.5p for 
every homogenous polynomial p6R[ii,..., x^], and every map (f> : [k] — ► F(iJ), 



(4.3) 



t{ip H {p);H,y,4>) 



p(yi,---,yk) 




= id. 
/id. 



Since the probability that a random map picked according to the probability measure y is equal 
to the identity map is yii/2 ■ ■ ■ y&, it follows from (J4.3D that 

(4.4) t(ltp H (p)};H,y) =ym---ykp(yi,---,yk)- 

Let p be a homogeneous polynomial in k variables such that the even homogeneous polynomial 
x\x\ . . . x\p{x\, . . . , x|) satisfies the assertion of Lemma \37J\ e.g. 



„2„2„2 



(I l\ 4 Z i 4 Z i 4 Z OZZZ 

jJ\iL-i . . . . . •JL' U } — JuryJjrt \ JjoJja ~\~ JjaJj<2 OJUnd-irtJu a 

By Lemma [3.6l the quantum graph x := [yB"(p)] is positive. We claim that x satisfies the assertion 
of Theorem 12. 4[ Assume to the contrary that there exist labeled quantum graphs gi, ... ,g m , such 
that for every graph G, 



t(x;G)=Y / t(l9if,G). 

Then by Remark 13.41 for every graph G and every probability distribution y on the vertices of G, 

m 
t(x;G,y) = Y,t(l9thG,y). 



i=l 
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By Lemma 14.11 there exist polynomials pi, ■ ■ ■ ,p m G ^[2/1? • • • >2/fe] with non-negative coefficients, 
and qi,...,q m € R[yi, ■■■,Vk] so that 

m 

(4.5) t(x;H,y)=^2p i (y)q i (y) 2 . 



i=l 



Hence by (|Oj) . 



(4.6) yiV2---ykp(yi,---,yk) = ^Pi(y)g»(y) 



Now consider arbitrary real numbers xi, . . . , x& not all of them zero. Set 

\xf + ... + x% xf + ... + x% 

As p is homogenous, we have 

yw2 ■ ■ ■ y k p(y) = (s? + ■ ■ ■ + x^)- dcg(p) - fc x? . ..x\p{x\,x\, . . .,x 2 k ). 

Substituting this in (|4,6p and multiplying both sides by a large enough power of (x\ + . . . + xV) 
shows that 

/ 2 1 2 1 1 2\iV / 2 2 2/22 2^ c v 

(X-L +I 2 t...T XfcJ ^1^2 • • • x A;Pl x l' x 2' • • • ' x fcJJ fc ^fci 

for some positive integer N. But this contradicts the assumption that (1,0,..., 0) is a bad point 
for x\x\...x\p{x\,...,x\). □ 

Proof of Theorem \2.11\ The proof parallels the proof of Theorem 12.41 Let H, p and x be as in the 
proof of Theorem 12.41 Then x is positive. If x is CS-positive, Lemma 14.11 shows that t(x;H,y) = 
Y^iPi(y) ( ii(y) 2 f° r polynomials pi,...,p m G M[yi, ... ,?/£,] with non-negative coefficients, and 
31) • • • , Qm ^ M[yi, . . . , yk}- The rest of the proof proceeds as in that of Theorem 12.41 □ 

5. UNDECIDABILITY 

As we discussed in Section [2] determining the positivity of a polynomial with rational coefficients 
is decidable. However it follows from Matiyasevich's solution to Hilbert's tenth problem [Mat 70] 
that if one restricts to integer-valued variables, this problem becomes undecidable. More precisely 
given a multivariate polynomial with integer coefficients, the problem of determining whether it 
is non-negative for every assignment of integers (equivalently, positive integers) to its variables 
is undecidable. To prove the undecidability in Theorem 12.121 we will need the following simple 
consequence of this fact. 

Lemma 5.1. The following problem is undecidable. 

• instance: A positive integer k > 6, and a polynomial p(x%, . . . , x&) with integer coefficients. 

• question: Do there exist x\, . . . , Xk G {1 — 1/w : n G N} such that p(x±, . . . , x^j < 0? 

Proof. Consider a polynomial q(yi, ■ ■ ■ , yk) with integer coefficients. Note that q(yi, ■ ■ ■ ,yk) > for 
all 2/1 , . . . , yk G N if and only if the polynomial with integer coefficients 

P(I1 ,..., a;i ) := (n(i-x ( )^)) g ( T ^,..., T 4 t 

is non-negative for all x%, . . . , Xk G {1 — 1/n : n & N}. Hence the problem is undecidable. □ 
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It is not a priori clear how the non-negativity of formulas of the form a\t(H\; •) + ... + akt(Hk\ •) 
is related to the non-negativity of a polynomial on integers. Indeed if one considers a single graph 
H, then the set of all possible values of t(H; •) is everywhere dense in the interval [0, 1]. The key 
ingredient in the proof of Theorem 12.121 is the observation that there are relations between t(H\ ■) 
for different graphs H which are satisfied for an infinite, but sparse set of possible values of the 
corresponding homomorphism densities. This can be already seen in the case of the relation between 
the edge homomorphism density and the triangle homomorphism density. Let g(x) := 2x 2 — x. As 
it is mentioned in Section [TJ Goodman |Goo59| proved that t{K%; G) > g(t(K2] G)), for every graph 
G. Bollobas improved Goodman's bound to the following. 



Theorem 5.2 (Bollobas [Bol76| ). For every graph G, and every positive integer t, if 

t(K 2 ; G) € 



t t+1 



then we have t(K 3 ; G) > L(t(K2\ G)), where 

, , . s 3t 2 - 1 - 2 2(t - 1 

(5.3) L(x) := —j- — — x 



t(t + l) t + 1 

Note that for every positive integer t, on the interval 1 — 4, 1 — rr^ , L is the linear function that 

coincides with g on the endpoints. Razborov |Raz08b| has recently proven the exact lower bound 
for t(K%; G) in terms of t(K2', G), but Bollobas's result suffices for our purpose. Let L : [0, 1) — > R 

be the continuous piecewise linear function defined on 1 — ~ , 1 — — i-j- by (|5.3|) for every positive 

integer t. By Theorem [5T2l for every graph G, (t(K 2 ;G),t(K 3 ;G)) <E R where R C [0, l] 2 is the 
region defined as 

R:={(x,y)e[0,l} 2 :y>L(x)}. 

The examples of complete graphs show that Goodman's bound is tight when 

t(K 2 ;-) e|l--:n€N 
[ n 

and on the other hand Theorem 15.21 shows that it is not tight on the rest of the interval [0,1). 
Hence the algebraic expression t(Ks; G) — g(t(K2) G)) can be equal to if and only if t(K2] •) € 
1 1 — — : n G N} . This already reveals the connection to Lemma 15.11 and suggests a direction for 
proving Theorem 12.121 

Lemma 5.4. Let p be a polynomial in variables x±, . . . , Xk- Let M be the sum of the absolute values 
of the coefficients of p multiplied by 100deg(p). Define q G R[xi, . . . ,Xk,yi, ■ ■ ■ ,Vk] as 

k / k \ 

q := p H(l - Xi f +M\Y d Vi- 9(xi) . 

8=1 \«=1 / 

Then the following are equivalent 

• (a): q(xi,...,Xk,yi,-..,Vk) < for some x\, . . . ,x k ,yi, . . . ,yk with (xi,yi) G R for every 
l<i<k; 

• (b): p(xi, . . . ,Xk) < for some X\, ... ,Xk €. {1 — 1/n : n G N}. 

Proof. If (b) holds, then for each x% we have (xi,g(xi)) G R and setting j/j := g(xi) gives 
q(x\, . . . ,Xk,y%, ■ ■ ■ ,yk) < 0. Therefore (b) implies (a). 
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Suppose now that (a) holds. Decreasing y$ decreases the value of q and thus we assume without 
loss of generality that y^ = L{xi). Let 



q(xi,X2,...,Xk) = q(xi,...,Xk,yi,---,yk) = p(%i, 



k / k \ 

, x k ) \\{l- Xi f+M Y, L ( x i) - 9{xi) < 0. 

i=l \i=l J 



For every 1 < % < k, let tj be a positive integer such that Xi G 1 — jr, 1 — j-^j ■ Fixing ti, . . . , t k 

we assume that xi, . . . ,x k are chosen in the corresponding intervals to minimize q. We claim that 
in this case Xi G {1 — 1/n : n G N} for every 1 < i < k. Suppose for a contradiction that 

Xi G I 1 — — , 1 — j-j-j- J , for some i. By the choice of Xi we have g^- = 0. Hence since 



— I p(xi, ...,X k ) J|(l - Xif J 



M , x = M 

~ 100 v ; ~ 12t? 



we must have 



(5.5) 



12if 



^IL'OO-ff'OOl 



3tf - t,- 



**(** + 1) 



4xj + 1 



*i " 1/2 



t»(ti + 1) 



X ; 



Let z 



«?-l/2 

*i(ti+l) • 



. We can rewrite (|5.5p as |z — Xj| < ^5-. Note that L'(z) = g'(z), L'(x) — g'(x) is 



.18/ 



monotone on the interval between Xi and z, and L(z) — g(z) = l/(2£ 2 (£j + 1) ). It follows that 

L{xi) - g(xi) > (L(z) - g(z)) - \L'(xi) - g'(xi)\\z - Xi\ 
1 



1 1 

" Mitt + l) 2 " 48tp " 8tf ' 48^ =- 10tf • 



1 1 

> 



Finally we have, 



M a 111 

q( Xl ,x 2 , ...,x k )> - — (1 - Xl f + M(L(xi) - g{xi)) >Mf^j- ^^ 



>0, 



which is a contradiction. Therefore the claim that x% G {1 — 1/n : n G N} for every 1 < i < k holds. 
In this case we have 

k 



> q(xi, x 2 , ...,x k )= p(x 1 ,x 2 , ...,x k ) JJ(1 



i=i 



□ 



which shows that (b) holds. 
Define the map 

r : R[x 1 ,...,x k ,y 1 ,...,y k ] -)• R[vi, . . . ,v k ,ei, . . . ,e k ,h, . . . ,t k ] 

in the following way. For every polynomial q, let r(q) be obtained from q by substituting for every 
i, ei/vf and U/vf instead of Xi and yi, respectively, and multiplying the resulting rational function 

by lL=i v i Q so that it becomes a polynomial. 

Given a graph H with V(H) = [k], we define the labeled quantum graphs Vi,Ei,Ti G R[.F[m] in 
the following way. For every positive integer m and every j G [k], let H^ m G T\ k \ be the graph on 
k + m vertices obtained from H by adding a clique of size 771 and connecting each one of the vertices 
of this clique to the neighbors of the vertex j. Then Vj := £)ind(.ffj,iU.F), Ej := ^ F ind(-ffj i 2Ui ? ), 
and Tj := ^2 F md(Hj^ U F), where all these sums are over different ways of joining the unlabeled 
vertices to the vertex j. 
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Let tpH '■ K[ui, . . . , Vk, ei, . . . , efc, t\, . . . , £&] — > RfJ 7 ^]] be the unique algebra homomorphism that 
satisfies iPh(vi) = Vi, tpHfei) = Ei, and iI>h(U) = Ti for every i S [fe]. 

Consider a graph G, and let S denote the set of all maps h : V(H) — > V(G) that preserve both 
adjacency and non- adjacency. Consider a map <fi : V(H) — > V(G). If 4> g - S, then £(ind(-ff); G, <p) = 
which in particular shows that t(Vi; G, (f>) = t(Ef, G, <fi) = t(Ti; G,<f>) = for every i G [k]. Hence 
in this case t(ipH(T~(q)); G, 4>) = 0, for every polynomial q G R[xi, . . . , a^fe, j/i, • • • , j/fc]. 

Next consider a map <f> G 5. For every j € [fc], let Uj(4>) be the subgraph of G induced on the 
set of vertices v for which the map obtained from by replacing <j){j) by v belongs to S. Note that 
for every j £ [k], 

t{V J -G,4>) = ^ yv t(E j ;G,cf>)=t(K 2 ;U j ) ] ^, t(T j; G,tf>) =t(K 3 ;U j ) ] ^. 

This shows that 

§0§ = t(K 2 ; U,) and ||ff = t(K 3 ; Uj). 

Recalling the definitions of r and tpHi we conclude that 
(5.6) 

k 

t{^ H {r(q))- G, </>) = q(t(K 2 ; U x ), ..., t(K 2 ; U k ),t(K 3 ; U^,..., t(K 3 ; U k )) f\ (|^t) 

for every polynomial q £ R[x\, . . . , x k , J/i, . . . , Vk\- 

Claim 5.7. Let q G R[xi, . . . ,Xk,yi, ■ ■ ■ ,2/fc] be such that q{x\, . . . ,Xk,yi, ■ ■ ■ ,Vk) > for all 
Xi,...,Xk,yi,---,Vk with ( x i,yi) G R for every 1 < i < k. Then iPh( t (q)) is a positive labeled 
quantum graph for every graph H with V{H) = [k]. 

Proof. Theorem 15 . 21 implies that (t(K 2 ; Uj),t(K 3 ; Uj)) G R, for every j G [k]. Now the claim follows 
from (ESI). D 



3dog(g) 



Claim 5.8. Let q G M\x\, . . . ,x k ,yi, - - - , 2/fe] b e such that q(x\, . . . ,x^,y\, ■ ■ ■ ,yk) < for some 
Xi G {1 — 1/n : n G N} and yi = g(xi) for 1 < % < k. Let H be a stringent graph with V(H) = [k]. 
Then there exists a graph G such that 

*([«r(ff))I;G)<0. 

Proof. Let m, . . . , nk G N be so that q becomes negative by setting Xj := 1 — l/rij and y« := 2xf — Xi 
for all i G [k]. Define G to be the graph obtained from H by replacing the vertex j of H by a clique 
of size nj for every j G [k] . Let Wj be the set of the vertices of the clique that replaces the vertex 
j of H mG. 

Let S denote the set of all maps h : V(H) — > V{G) that preserve both adjacency and non- 
adjacency Consider a map <f> G S. It follows from the structure of G that for every j, {i : <j)(i) G Wj} 
is a homogeneous set in H, and since H is stringent it is of size at most 1. (Trivially, it cannot 
be all of V(H)). Hence for every j, {i : <f>(i) G Wj} is of size exactly 1. Since H is stringent, the 
identity map is the only isomorphism from H to itself. It follows that <p(j) G Wj, for every j G [k]. 
Then for every j G [A;], Uj(4>) is the restriction of G to Wj which by definition of G is a clique of 

- 1/Uj), 
3deg(q) 

I <0. 



size nj. Thus 

t{K 2 ;Uj) = l-l/nj 

which by (]5.6p shows that 


and 


t(K 3 ;Uj) = g(l - 


t{^H{r{q));G,4>) =q(xi,.. 


-,Xk,yi,- 


k / \ \ 

■■^ni{\v( G )\ 
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Moreover if <j> £ S, then t(i/> H (T(q)); G, (j>) = 0. We conclude that t([^ff(r(g))I; G) < 0. D 

Proof of Theorem \2.12\ Consider an instance of the undecidable problem stated in Lemma 15.14 
namely a polynomial p in variables xi,...,Xk with integer coefficient. Construct the polynomial q 
in variables x\, . . . ,Xk,yi, ■ ■ ■ ,yk as in Lemma [5\4"1 Then Lemma I5~4l shows that p(xi, . . . ,Xk) < 
for some x\, . . . ,Xk G {1 — 1/n : n G N} if and only if g(xi, . . . , Xk,yi, ■ ■ ■ , Vk) < for some 
a?i, . . . , Xk,yx, ■ ■ ■ ,yk with (a?j, j/j) G -R for every 1 < i < k. By Claims 15.71 and 15.81 determining the 
latter is equivalent to determining the validity of £([[V ; H( r ( ( 7))]] j •) — where H is a stringent graph 
on k vertices. Such graphs exist and can be explicitly constructed by Lemma 14.21 □ 

6. Proof of Theorem 12.71 

Before giving the proofs of Lemma 12.61 and Theorem 12.71 we need to recall some facts about 
graphons. Note that if Aq is the adjacency matrix of a graph G, then for every graph H 

(6.1) t(H;G)=E H A(x u ,x v ), 

uveE(H) 

where {x u : u G V(H)} are independent uniform random variables taking values in {1, 2, . . . , | V(G)|}. 
Let Wo denote the set of bounded symmetric measurable functions of the form w : [0, l] 2 — > [0, 1]. 
The elements of Wo are called graphons. For every graph H, and every graphon w G Wo, define by 
analogy with (|6.1|) . 



(6.2) t(H;w) := / ]~[ w(x u ,x v ) ]^[ dx v . 

uveE(H) veV(H) 

This definition can be extended linearly to define t(x;w), for every quantum graph x. For every 
graph G, we define a graphon wq G Wo as follows: Without loss of generality assume that V(G) = 
[n]. Then wc(x,y) := A(j([xn]; \yn\) if x,y G (0; 1], and if x = or y = 0, then wc(x,y) := 0. By 
(|6.ip and (|6.2p . for every quantum graph x and graph G, we have t(x; G) = t(x; wq). 

A graph sequence {Gi}j S N is called convergent, if for every graph H, the limit lirn^oo t(H; Gi) 
exists. It is shown in [LS06J that for every convergent graph sequence {Gj}j g N, there exists a 
graphon w such that lim^oo t{H\ Gi) = t{H\ w), for every graph H . On the other hand for every 
graphon w, it is easy to construct a convergent graph sequence {GjjjgN such that t(H;w) = 
linij^oo t(H; G{), for every graph H. 

Proof of Lemma \2. (A If x is not positive, then there exists a graphon w such that t(x;w) < 0. 
Since g ^ 0, by (|2.5p there exists a graphon w' satisfying t(g;w') ^ 0. Now note that by (|6.2p . 
t(g;aw' + (1 — a)w) is a polynomial in a. This polynomial is not identically as it is not equal 
to zero on a = 1. Hence there are arbitrarily small a > for which t(g; aw' + (1 — a)w) ^ 0. By 
taking a sufficiently small such a, we obtain a graphon w" := aw' + (1 — a)w that satisfies both 

t(g; w") > and t(x; w") < 0. 

This in particular implies that t(gx; w") < 0, contradicting gx = h and the assumption that h is 
expressible as a sum of squares. □ 



Proof of Theorem \2.7\ Suppose to the contrary that for every positive i£i, there exist g,h G A, 
j / 0, each expressible as sums of squares, such that gx = h. We will show this would imply 
that given a quantum graph / with rational coefficients, the problem of determining the validity of 
/ > is decidable, contradicting Theorem 12.121 
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Given a collection of partially labeled graphs Q = (Gi, . . . ,G}~), an integer m and a matrix 



.4 



i £ [m],j € [k]) define 



z(Q,m,A) :-- 



2-n 



Yl H a a G i 



This quantum graph can be expressed as a linear combination of graphs of the form \Gj ± ■ Gj 2 J, 
where ji,J2 € [k], with coefficients polynomial in the entries of A. Note that connected non- 
isomorphic graphs are algebraically independent as elements of A® and every graph as an element 
of A$ is equal to the product of its connected components. It follows that for a fixed quantum 
graph / with rational coefficients, a fixed collection of partially labeled graphs Q and an integer m, 
the system 

(6.3) z(g,m,A)f = z(g,m,B) and z(g,m,A)^0 

can be expressed as a (computable) system of polynomial equations and inequalities with rational 
coefficients on the entries of A and B. Therefore, it is possible to decide whether there exist matrices 
A and B with real entries solving this system. 

Hence in order to decide the validity of / > 0, one enumerates finite graphs G and checks the 
validity of t(f;G) > on each graph. In parallel, one enumerates all pairs (Q,m), where Q is a 
finite sequence of finite partially labeled graphs and m is an integer, and for each such pair checks 
whether there exists a solution to (|6.3p . □ 

Acknowledgements 

The authors wish to thank Alexander Razborov for many enlightening discussions. They also 
wish to thank Swastik Kopparty, Laszlo Lovasz and anonymous referee for their valuable comments. 

References 

[Art27] Emil Artin. iiber die Zerlegung definiter Funktionen in Quadrate. Abh. math. Sera. Hamburg, 5:100-115, 

1927. 
[Bol76] Bela Bollobas. Relations between sets of complete subgraphs. In Proceedings of the Fifth British Combi- 
natorial Conference (Univ. Aberdeen, Aberdeen, 1975), pages 79-84. Congressus Numerantium, No. XV, 

Utilitas Math., Winnipeg, Man., 1976. 
[ELS79] Paul Erdos, Laszlo Lovasz, and Joel Spencer. Strong independence of graphcopy functions. In Graph theory 

and related topics (Proc. Conf., Univ. Waterloo, Waterloo, Ont., 1977), pages 165-172. Academic Press, 

New York, 1979. 
[FLS07] Michael Freedman, Laszlo Lovasz, and Alexander Schrijver. Reflection positivity, rank connectivity, and 

homomorphism of graphs. J. Amer. Math. Soc, 20(1):37-51 (electronic), 2007. 
[Goo59] A. W. Goodman. On sets of acquaintances and strangers at any party. Amer. Math. Monthly, 66:778-783, 

1959. 
[Hil88] David Hilbert. Ueber Biischel von binaren Formen mit vorgeschriebener Functionaldeterminante. Math. 

Ann., 33(2):227-236, 1888. 
[IR95] Yannis E. Ioannidis and Raghu Ramakrishnan. Containment of conjunctive queries: beyond relations as 

sets. ACM Trans. Database Syst, 20(3):288-324, 1995. 
[KRar] Swastik Kopparty and Benjamin Rossman. The homomorphism domination exponent. European J. Combin., 

to appear. 
[Lam05] T. Y. Lam. Introduction to quadratic forms over fields, volume 67 of Graduate Studies in Mathematics. 

American Mathematical Society, Providence, RI, 2005. 
[Lov03] Laszlo Lovasz. Semidefinite programs and combinatorial optimization. In Recent advances in algorithms 

and combinatorics, volume 11 of CMS Books Math./Ouvrages Math. SMC, pages 137-194. Springer, New 

York, 2003. 
[Lov08] Laszlo Lovasz. Graph homomorphisms: Open problems, manuscript, 2008. 



UNDECIDABILITY OF LINEAR INEQUALITIES IN GRAPH HOMOMORPHISM DENSITIES 17 

[LS06] Laszlo Lovasz and Balazs Szegedy. Limits of dense graph sequences. J. Cornbin. Theory Ser. B, 96(6) :933- 

957, 2006. 
[LS09] Laszlo Lovasz and Balazs Szegedy. Random graphons and a weak positivstellensatz for graphs. 

arXw.org:0902.1327, 2009. 
[Mat 70] Ju. V. Matijasevic. The Diophantineness of enumerable sets. Dokl. Akad. Nauk SSSR, 191:279-282, 1970. 
[PD01] Alexander Prestel and Charles N. Delzell. Positive polynomials. Springer Monographs in Mathematics. 

Springer- Verlag, Berlin, 2001. From Hilbert's 17th problem to real algebra. 
[Raz07] Alexander A. Razborov. Flag algebras. J. Symbolic Logic, 72(4):1239-1282, 2007. 

[Raz08a] Alexander A. Razborov. On 3-hypergraphs with forbidden 4-vertex configurations,, manuscript, 2008. 
[Raz08b] Alexander A. Razborov. On the minimal density of triangles in graphs. Combin. Probab. Comput., 

17(4):603-618, 2008. 
[RezOO] Bruce Reznick. Some concrete aspects of Hilbert's 17th Problem. In Real algebraic geometry and ordered 

structures (Baton Rouge, LA, 1996), volume 253 of Contemp. Math., pages 251-272. Amer. Math. Soc, 

Providence, RI, 2000. 
[Tar48] Alfred Tarski. A Decision Method for Elementary Algebra and Geometry. RAND Corporation, Santa Mon- 
ica, Calif., 1948. 
[Win32] Hassler Whitney. The coloring of graphs. Ann. of Math. (2), 33(4):688-718, 1932. 



Appendix A. Original formulation of Razborov's Cauchy-Schwarz calculus. 

In the formulation given in |Raz07j . the Cauchy-Schwarz calculus contains an additional axiom 
and an additional inference rule. The axiom can be stated here as: 

• ind(-ff) > for every partially labeled graph H. 

This axiom can be derived in the Cauchy-Schwarz calculus presented in Definition 12.101 as follows. 
Let H' be a graph obtained from H by assigning new labels to the previously unlabeled vertices 
of H, so that all vertices of H' are labeled. Then we have (ind(H')) 2 = md(H'). It follows that 
ind(-ff) = [[(ind(.ff')) 2 ]]T, where T is the set of the labels used on the vertices of H. Thus the above 
axiom follows from the axiom Al and the inference rule R3 in Definition 12.101 

Let / be a labeled quantum graph, and let H be a graph, with all vertices of H labeled. We say 
that / is H -rooted, if there exists a positive integer k, partially labeled graphs G\, 6?2, . . . , G^ and 
real numbers a\, . . . ,«& such that / = ^2 i=1 ajhid(G'j) and in every Gi the subgraph induced by 
the labeled vertices is equal to H. An additional inference rule from [R az07| can now be stated as 
follows: 

• Let / be an .ff-rooted labeled quantum graph with / > 0. Let H' be a graph with all vertices 
labeled, such that H is an induced subgraph of H' as a labeled graph. Then / ■m.d{H') > 0. 

Note that this inference rule is subsumed in inference rule R3 of Definition 12.101 

Let us further note that in |Raz07| the product of two labeled quantum graphs is only defined 
if both of the graphs are .ff-rooted for some H. In our framework two partially labeled graphs 
correspond to the same element of A if one is obtained from another by adding isolated, possibly 
labeled, vertices. Therefore we can consider every labeled quantum graph as a linear combination 
of partially labeled graphs, all of which have exactly the same set of labeled vertices. Thus every 
labeled quantum graph / can be written in a form / = YIh /#, where the summation is taken 
over all labeled graphs H with V(H) = [I] for some positive integer I, so that the vertices of H are 
labeled in the natural way, and each fjj is .ff-rooted. One can routinely deduce from the definitions 
that / > if and only if fu > for every H. Further, it follows from fl3.3f) that if / = Y2h /h anc ^ 
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g = Y1h9h are as above, then fg = ^2 H /hOh- Consequently, our multiplication inference rule 
could be restricted as in |Raz07| to multiplying only i7-rooted quantum graphs. 
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